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Abstract
This paper improves the upper bound for the exceptional zeroes of
Dirichlet L-functions with even characters. The result is obtained by
improving on explicit estimate for L′(σ, χ) for σ close to unity, using a
result on the average of Dirichlet characters, and on the lower bound
for L(1, χ), with computational aid.
1 Introduction
This paper is a sequel to [2], thus we will frequently reference it. The aim
is obtaining an upper bound on real part of the zeroes of
L(s, χ) :=
∞∑
n=0
χ(n)n−s,
with χ a Dirichlet character and ℜ(s) ∈ (0, 1).
From the definition of exceptional zero β0 in [2, §1], see also [7, 8, 10], we
can focus on real zeroes of non-principal real characters χ (mod q), with
q ≥ 4 · 105. For any such β0 we have β0 ≤ 1− λq1/2 log2 q , with λ explicit. We
list some results below.
1. Liu and Wang prove λ ≈ 6 for q > 987 in [5, Theorem 3],
2. Ford et al. prove λ ≈ 19 for q > 104 in [3, Lemma 3 ],
3. Bennett et al. prove λ = 40 for q > 4 · 105 in [1, Proposition 1.10],
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4. The author proves λ = 80 for q > 4 · 105 in [2, Theorem 1.3].
We can note, from [2, Theorem 1.3], that restricting the above results to
odd characters we obtain a significantly better result, thus focusing on even
characters will improve the overall result.
The above results follow from the mean-value theorem, a lower bound for
L(1, χ), obtained using the Class Number Formula, and an upper bound
for |L′(σ, χ)|, with σ ∈ (β0, 1). Liu and Wang obtain the result by dividing
the sum for L′(σ, χ) in two, and using that |χ(n)| ∈ {0, 1} on the first
half and Po´lya–Vinogradov on the second, and a classic lower bound for
L(1, χ) obtained from the Dirichlet Class Number Formula. Ford et al. and
Bennett et al. improve the results using more precise results and extensive
computations. The author, in [2], proves a general result that allows to
remove one of the two terms in the upper bound of L′(σ, χ).
It is interesting to note that, using the above techniques, we have∣∣L′(σ, χ)∣∣ 6 (1
8
+ o(1)
)
log2 q.
The difference in strength of the above results is in the size of the reminder
therm. We will now introduce a different technique, following from a paper
of Hua [4] on the average of Dirichlet characters, that will allow us to remove
the reminder term for even characters and thus obtain an “optimal” upper
bound. From Theorem 2.1, assuming the exceptional zero near the unity,
we are able to obtain better upper bounds for |L′(σ, χ)|.
Theorem 1.1. Assume χ is an even primitive real character and σ ∈
(β0, 1). With β0 > 1 − 100√q log2 q and q > 4 · 105, the following bound
holds ∣∣L′(σ, χ)∣∣ 6 1
8
log2 q. (1)
We will then improve on Bennett et al.’s lower bound for L(1, χ).
Theorem 1.2. Assume χ is an even primitive real character. With q > 4· 105,
the following bound holds
L(1, χ) ≥ 12.52√
q
. (2)
These results will give the following upper bounds for β0.
Theorem 1.3. Assume χ is an even non-principal real character. With
q > 4 · 105, the following bound holds
β0 ≤ 1− 100√
q log2 q
. (3)
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In §2.1 we prove Theorem 1.2, in §2.2 Theorem 1.1, these two results
together will give Theorem 1.3. We will conclude proving a more precise
version of Theorem 1.3.
2 Upper bound for the exceptional zero β0
Using the same standard trick as in [2, §3], we see that
1− β0 = L(1, χ)|L′(σ, χ)| , (4)
for some σ ∈ (β0, 1). Thus we are left to obtain a lower bound for L(1, χ)
and an upper bound for |L′(σ, χ)| for σ ∈ (β0, 1).
2.1 Lower bound for L(1, χ)
We start fixing q > 4 · 105. We use that every real primitive character can
be expressed using the Kroneker symbol, as χ(n) = ( d
n
), with q = |d|. We
consider d > 0. Dirichlet’s Class Number Formula gives
L(1, χ) =
h(
√
d) log ηd√
d
, with χ(−1) = 1, (5)
where ηd = (v0 + u0
√
d)/2 , with v0 and u0 the minimal positive integers
satisfying v20 − du20 = 4. From A.10. in [1] we have that
h(
√
d) log ηd > 79.2177 (6)
when 4 · 105 6 d 6 107. Bennett et al. then compute that for all (d, u0),
with d > 107 and du20 < 2.65 · 1010, we have h(
√
d) log ηd > 417. Using
their Sage [9] code and a longer computational time, we compute that for
all (d, u0), with d > 10
7 and du20 ≤ 7.5 · 1010, we have h(
√
d) log ηd > 412.
For this computation we used 1000 CPU for a total of approximately 1800
CPU hours. Calculations were performed on Raijin, a high-performance
computer managed by NCI Australia.
Finally, remembering that h(
√
d) ≥ 1 and ηd = (v0 + u0
√
d)/2, we obtain
for all d > 107 such that du20 ≥ 7.5 · 1010
h(
√
d) log ηd ≥ log u0
√
d ≥ 1
2
log(7.5 · 1010) ≥ 12.52. (7)
Thus Theorem 1.2 follows from (5), using (6) and (7).
It is interesting to note that in order to improve the bound in (7) we have
to exponentially increase the range of du20, this will make the computational
time also increase exponentially.
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2.2 Upper bound for |L′(σ, χ)| and proof of Theorem 1.3
The main result used is the following one, that is Theorem 1 in [6], with the
left-hand side sum starting from 4. Note that this was not done in [2] as a
negative term would compensate for the exceeding positive terms.
Theorem 2.1. Take χ a even primitive Dirichlet character, with conductor
q. Let A := ⌊√q⌋ − 1. Let f be defined in [4,∞), ց 0 and such that
f(n)− 2f(n+ 1) + f(n+ 2) ≥ 0 for all n ≥ 4. Then, with 0 ≤ θ ≤ 1,∣∣∣∣∣
∞∑
4
χ(n)f(n)
∣∣∣∣∣ ≤
(
A∑
4
f(n)
)
− A
2
f(A)+
A
2
{f(A)− f(A+ 1)}+ 1
2
f(A+1)
+
θ
2
{(A+ 1)(f(A+ 1)− f(A+ 2)) + f(A+ 2)} + 18f(4)− 12f(5).
Proof. We will follow the proof of [6, Theorem 1].
Define S(n) =
∑n
a=1
∑a
k=1 χ(k). We have
χ(n) = S(n)− 2S(n − 1) + S(n− 2),
and, with an = f(n)− 2f(n+ 1) + f(n+ 2), this gives∑
n≥k
f(n)χ(n) =
∑
n≥k
anS(n)−2f(k)S(k−1)+f(k)S(k−2)+f(k+1)S(k−1).
(8)
For k ≤ A, ∑
n≥k
anS(n) =
A∑
k
anS(n) +
∑
n>A
anS(n).
Now, using that S(n) ≤ n(n+1)2 and f(n)−2f(n+1)+f(n+2) ≥ 0, we have∣∣∣∣∣
A∑
k
anS(n)
∣∣∣∣∣ ≤
A∑
k
n(n+ 1)
2
an =
A∑
k+2
f(n) +
(k + 1)(k + 2)
2
f(k + 1)+
+
k(k + 1)
2
f(k)−2k(k + 1)
2
f(k+1)− A(A+ 3)
2
f(A+1)+
A(A+ 1)
2
f(A+2)
The above, together with (8), gives∣∣∣∣∣∣
∑
n≥k
f(n)χ(n)
∣∣∣∣∣∣ ≤
A∑
k+2
f(n) +
(k + 1)(k + 2)
2
f(k + 1) +
k(k + 1)
2
f(k)+
4
−2k(k + 1)
2
f(k+1)+|−2f(k)S(k − 1) + f(k)S(k − 2) + f(k + 1)S(k − 1)|+
−A(A+ 3)
2
f(A+ 1) +
A(A+ 1)
2
f(A+ 2) +
∣∣∣∣∣
∑
n>A
anS(n)
∣∣∣∣∣ .
Now, with k = 4, the result follows as in Louboutin’s proof.
Here we assume σ ∈ (β0, 1) and β0 > 1 − c√q log2 q , with c ∈ [100, 1000],
to be chosen later, and q ≥ 4 · 105.
Now we apply Theorem 2.1 to the function
f(n) =
log n
nσ
,
that, for n ≥ 4, results decreasing and such that f(n)−2f(n+1)+f(n+2)≥
0, as f(4)− 2f(4 + 1) + f(4 + 2) ≥ 0 and f is convex for n ≥ 5. We denote
with R(A, σ) the term in the right hand side of the formula in Theorem 2.1.
With d ≤ A, we further obtain by partial summation
A∑
1
log n
n
≤ 1
2
log2A− 1
2
log2 d+
d∑
n=2
log n
n
,
and fixing d = 100
−1
2
log2 d+
d∑
n=2
log n
n
< 0.
This number is so small that we omit it in what follows. Thus
∣∣L′(σ, χ)∣∣ ≤ q 1−β02 1
8
log2 q +R(A, σ). (9)
Remembering β0 > 1 − c√q log2 q and choosing c = 100 it is easy to see, for
all q ≥ 4 · 105 and σ ∈ (β0, 1), that
∣∣L′(σ, χ)∣∣ 6 1
8
log2 q,
this proves Theorem 1.1. Now Theorem 1.3 follows easily. We just need
to prove the theorem for primitive real characters, indeed if χ (mod q) is
induced by some primitive real character χ′ (mod q′), then the primitive
case yields
β0 ≤ 1− λ√
q′ log2 q′
≤ 1− λ√
q log2 q
.
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Thus Theorem 1.3 follows from (4), Theorem 1.1 and Theorem 1.2.
We can conclude proving a more “precise” version of theorem 1.3. From
(4)-(9), we obtain β0 ≤ 1 − c√q log2 q , with the following values for c and
ranges for q ≥ 4 · 105.
q c
q ≤ 7 · 105 624
7 · 105 ≤ q ≤ 106 636
106 ≤ q ≤ 3 · 106 641
3 · 106 ≤ q ≤ 8 · 106 654
8 · 106 ≤ q ≤ 107 660
q c
q ≤ 1012 105
q ≤ 1018 104
q ≤ 1026 103
q ≤ 1043 102
q ≤ 10100 101
Note that the drastic decrease of c when q > 107 is due to the difference
between (6) and (7).
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